The Nakajima-Zwanzig(N-Z) equation is a powerful tool to analyze the open quantum system and non-Markovian behavior. In this paper, we modify the N-Z equation with assignment maps. This approach extends the application to those situations in which the bipartite state of the system and environment contains non-negligible discord initial and/or during the dynamics. We applied the equation in quantum lattice model and bound the influence of inhomogeneous terms, which figure out how the dimension of the environment impact the non-Markovian behavior.
The N-Z equation use projection-operator method in derive the dynamic equation of the system. The original projection-operator method maps the total density matrix to a tensor product state. Irrelevant part contains all the correlations. Hence, it is not suitable for the cases that the system and environment states are nonnegligibly correlated initially and/or during the dynamics. The correlated projection superoperator technique [3, 4] improve this situation. It maps the total density matrix to a correlated system-environment state. The irrelevant part contains less correlation. Therefore, it is naturally adapted to the cases that the system has nonnegligible classical correlation and/or parts of quantum correlation to the environment. This method is also able to give more accurate results in practical calculation.
As we will show in this article, the correlated projection superoperator technique has its limits. Its relevant part cannot contain any discord. Hence, it is not suitable for the cases that the bipartite state contains nonnegligible discord to the environment. The success of the assignment map in dynamic map Inspired a solution. The * Electronic address: hzq@wipm.ac.cn dynamic map describes the evolution of open systems. The partial trace over the environment will bring ambiguities to dynamic maps [5] : projection is many-to-one mapping. It does not have inverse mappings. The assignment map can solve this problem and define an explicitly and rigorously dynamic map. The projection-operator method in N-Z equation is very similar to the partial trace in dynamic maps. We can replace the projectionoperator method with the assignment maps and rebuild N-Z equation. The relevant part is now directly from the assignment maps. The irrelevant part is defined as the difference of the density matrix of the total system and the relevant part. Now the relevant part can contain discord. The price is the consistent are no longer satisfied [6] : The partial trace of relevant part cannot give back the density matrix of the system. Thankfully, the assignment map is one-one mapping. The density matrix of the system can be recovered by the inverse mapping of assignment map. Hence, we can still research the dynamics of the system even though the assignment map is not consistent. Another benefit of assignment map is that the relevant part can be decided by the local information of the system. The meaning of the impact of relevant part has also become clearer: the influence of memory at that time.
The benefit of assignment maps is now clear, the next problem is what kinds of assignment maps should be used. Similar to the article [5] , we will try to reduce the correlation in irrelevant part. Hence, we choose assignment map that is able to map the density matrix of the system at t 0 to the best separable state(BSS) of the total system at t 0 . The assignment map also has its limits: the relevant part given by assignment map is separable state. Therefore, the relevant part can contain all the correlation except for entanglement. But this limit is due to the non-markovianity: the non-markovianity can be measured with completely positive (CP) maps [7] . We will show that the evolution map of the system is CP when there is no entanglement between system and environment. Therefore, entanglement is the crucial for the non-markovianity. We may not be able to make further improvement over assignment maps.
The equivalence of non-Markovianity and information back flow from the environment to the system gives an-other way to address the issue of non-Markovianity [8] . The flow of information has been widely discussed in quantum lattice model [9] [10] [11] . There are many tools to solve the complex multi-body problem in lattice models. One of the most important results is Lieb-Robinson bound, which gives a general upper bound to the information flow. Following this, we will apply the new N-Z equation in the quantum lattice model to give a further result. The conclusion is helpful in analyzing the impact of entanglement.
In the next section, we first show the relation between entanglement flow and non-markovianity. We also prove that the usual N-Z equation is not suitable for the research of entanglement flow. After that, we rebuild the N-Z equation with assignment maps. In Sec. III, we apply the new equation in quantum lattice model. We use the cluster expansion tools in bounding the impact of inhomogeneous terms. With the simplified results, we analyze some properties that affect the nonmarkovianity. Such as the environment dimension and coupling strength. Finally, in Sec. IV, we discuss some possible applications of the new N-Z equation and conclude the paper.
II. WHY ANOTHER N-Z EQUATION AND HOW
In this section we introduce several correlation measures. We will show entanglement is the only key factor to the CP maps among these correlations. Since the projection method cannot generally recover the separable state, the irrelevant part given by projection operator techniques inevitably contains too much unnecessary correlation. And those correlations are generally not monogamy, which will greatly increase the difficulty of computation. In contrast, the assignment maps can recover all the correlation except entanglement. This makes irrelevant part contain fewer correlations. The N-Z equation rebuild with this method can be used in a broader case. What's more, the monogamy properties of entanglement made the inhomogeneous term easier to be calculated. Those are the reasons why we intend to rebuild the N-Z equation with assignment maps.
A. Introduce correlation measure
A general review of correlation can be found in [12, 13] . Here, we briefly introduce some quantum and classical correlations, together with the general bipartite matrix density form when these correlations equal to zero.
Entanglement is one of the most important concepts in quantum information theory. There are many measures for the entanglement of bipartite quantum states [14] . Squashed entanglement is a wonderful measure that satisfies a lot of properties, such as faithfulness, convexity and monogamy [14] . The equivalence between vanish squashed entanglement and separable density matrix has been proved [15] . The separable states can be generally written as S A:
, where ρ i is the density matrix of pure state.
Quantum discord is historically the first measure of quantum correlations beyond entanglement. It is generally defined as the difference between the mutual information and the classical correlations. This measure is vanished on classical-quantum or quantum-classical states only [16] . The classical-quantum states can be generally written as ρ A:
, where Π i are projection operators.
The general quantum correlation has been summarized by [17] . If bipartite does not contain any quantum correlation, it must belong to classically correlated states, which can be generally written as
The classical correlation can be measured by mutual information. The mutual information is vanished on product states ρ AB = ρ A ⊗ ρ B .
B. Monogamy correlation measure beyond entangle
It has been proved that the general monogamy correlation measure beyond entanglement does not exist [18] : the correlation measure should not increase upon attaching a local pure ancilla state. It should also be invariance under local unitary transformation. Therefore, the correlation measure should not increase upon Stine-
For a generic separable state S A:B , the Stinespring dialtion can always broadcast B to C, which will falsify the monogamy of correlation measure or the positively of correlation measure.
Squashed entanglement is defined as [14] E sq (ρ A:B ) = 1 2 min
where {ρ ABE } is an extension of ρ AB . Squashed entanglement is the only known monogamy entanglement measure. It can be used to bound the distance between ρ AB and its BSS [14] , which is the separable state that takes the minimum distance to ρ AB . We label the set of separable state on A : B as S A:B . This minimum distance is defined as
C. Separable state is the sufficient condition for CP maps
The system together with environment form an isolated system. Evolution of isolated system is unitary. The dynamic map is from B(ρ S ) = Tr E (U ρ SE U † ). If there exist CP maps B satisfied this equation, then the dynamic map is CP.
If bipartite has vanished quantum discord, then any unitary transformation for the total system would be completely positive maps for the reduced system [19] . It was later proved that vanishing quantum discord is not necessary for CP maps [5] . The dynamic map B can be expressed with the assignment map as B = M • U • A, where U imply unitary transformation and M is traced over environment. Assignment map A maps the density matrix of the system ρ S to the density matrix of the total system ρ SE . The map M and U are both CP. Hence, B is CP iff assignment map A is CP.
If the total system is separable state, we can prove that there are always exist a linear, CP assignment map to restore it from the density matrix of the system. Hence, separable state is enough condition for the CP maps. The proof is as follows: the separable states can be generally written as
We can always choose the bases to make the classical-quantum parts i:Π S ψ i
Under the bases {Π j }, the probability distribution of S is P
The chosen bases make sure the matrices
are all finite. With these matrices, the linear, CP assignment map
can recovery the separable state S S:E = A • MS S:E . It is also easy to check that the completeness rela- It has been proven that vanishing entanglement is the necessary and sufficient condition for separable state [15] . Hence, vanishing entanglement is the sufficient condition for CP maps.
As summarized by [6] , if we want to restore entanglement, the assignment maps are generally linear, consistent but not positive. Therefore, vanishing entanglement may also be the enough condition for CP maps.
D. Projection method only gives zero-discord state
In this section, we'll show that the correlated projection superoperator technique can only provide the quantum-classical states. Hence, in the general situation, the relevant part is not the BSS.
The projection superoperator here must satisfy some properties: (i) It is a projection superoperator:
The general linear projection superoperator P gives [3] 
where A i and B i must satisfy Tr E {B i A j } = δ ij and
This means that the general linear projection superoperator can only give zero-discord state.
E. N-Z equation with assignment maps
The consistent and positive properties of linear assignment maps have been discussed in detail [6] . If we want recover the quantum correlations, we need abandon the positive. If we want recover the classical correlations, we need abandon the consistent. Here we choose the positive and recover all the correlation except entanglement. Hence, the assignment maps is not generally consistent, it only consistence for special state. We must be careful when handling this.
With the help of Eq. (4), we can always find an assignment map so that
where S A:B (t 0 ) is the BSS of ρ(t 0 ). The consistence for state ρ(t 0 ) is naturally satisfied because
The consistence for general state is not existed
Comparing Eq. (7) with projection operator techniques, we need only replace P, Q with (9) where
In projection operator techniques, the operator satisfied PQ = 0. Here, the lack of consistence make
The RHS of Eq. (9) correspond to the influence of history state to the present evolution. The Integral item in Eq. (9) is decided by the local state of the system within time [t 0 , t]. Hence, it is the influence of history state within the period of [t 0 , t]. The irrelevant part is nonlocal, it records all the history before t 0 . The reason why we are researching the dynamics of open systems is that we can not control or know the whole environment in practical situations. We also can't control or know the whole history of the system. Hence, we must lose some parts of the irrelevant part. The more accurate we separate the local influence, the less information we lost in practical situations. The irrelevant part
only contain entanglement. It is smaller than previous method which also includes discord. Hence, this method will give more accurate dynamic evolution in practical calculation.
III. N-Z EQUATION IN THE QUANTUM LATTICE MODEL
For simplicity, we discuss the case of the nearest neighbor interaction in one dimension lattice first. Then we will briefly consider the higher-dimensional case.
Suppose C n := {x ∈ B|d(x, A) = n} are all sites in environment that with distance n from the system. We set B n := {x ∈ B|d(x, A) > n} andB n := B−B n . The trace over whole environment is generalized to partial environment M n = Tr Bn •. We also generalize the assignment map operator as A 
It is easy to prove
In the case of the nearest neighbor interaction, the total Hamiltonian can be generally written as
where H Ci describe local Hamiltonian and H CiCi+1 describe interaction among the sites. We set
Under the interaction representation, the equation of motion for the density matrix is
where
We can separate the interaction into three parts
and Ln(t). It is easy to prove
(14) These properties are very useful in simplifying the N-Z equation. For example, we have 
(15) The dynamics of the system can be described by
where L 0 (t) ≡ L AC1 (t). We repeatedly use Eq. (11) and Eq. (14) to derive this equation. Similar, the evolution of irrelevant part is
Given ρ(t 0 ) at some initial time t 0 , the formal solution of Eq. (17) is
t). Inserting Eq. (18) into Eq. (16), we obtain
where ∆(t 0 ) = ρ(t 0 ) − S A:B (t 0 ). In the following text, we will bind the inhomogeneous term. Before doing that, we need figure out the properties of superoperator L ′ 0 (t). As we can see, the assignment map makes the operator L ′ 0 (t) a little different from the others' operator in L0(t). But, similar to Eq. (14), the partial trace M d>0 is also commutative with L ′ 0 (t):
Beside this, with the definition Eq. (3), it is easy to prove that the assignment map cannot increase the trace class norm of any operator 
The super operator I − A T0 0 • M 0 can double the bound at most. Comparing Eq. (14) and Eq. (15) with Eq. (20) and Eq. (22), we conclude that the operator L ′ 0 (t) can be treated the same as the other superoperators in L0(t). All the difference is the interaction strength should be double when we make the bound.
We adopt the skills similar to what used in Lieb-Robinson bound [9] . The main idea is that the information flow back to the system at short time is limited. Make use of Eq. (14) and Eq. (20), we obtain
where Z 1 : Z 1 ∩ AC 1 = 0. Using the above bound iterative and let ∆t → 0, we obtain the following formula
Make use of Eq. (14) and Eq. (20) again, we can get the following general bound:
where 
Using the bound Eq. (25) iterative in Eq. (24), we obtain
where g k is marked by a sequence of bonds (l 0 , l 1 , l 2 , . . . , l k ), l 0 = AC 1 and H g k ∞ = l∈g k H l ∞ . Each bond must overlap the previous bonds l i+1 ∩ l i = 0 or the boundary of the previous graph
The term M d ∆(t 0 ) 1 is related to the information within the distance d. Hence, only through k ≥ d steps of interaction, can all of this information influence the evolution of the system. g k,d is all the possible k bonds graphs that satisfies the previous requirement of connectivity and
The number of such graphs is less than 4 k : three possible bonds overlap the last bond, one bond overlaps the boundary of the graph. When the strength of the interaction is approximately the same, we can give the bound of the influence as
Using the bound of Stirling's approximation, it is straightforward to obtain
With this relation, it is easy to prove y(x, L) ≤ e −µ(x,L)L+vx , where v = 8J and µ(x, L) = − ln(8eJx/L). The property that the influence exponential decay over distance is very similar to the Lieb-Robinson bound. The further away information from the system, the less it influences the evolution. Now, we explore the bound of M d (ρ(t 0 ) − S A:B (t 0 )). ρ(t 0 ) − S A:B (t 0 ) is decided by the entanglement between A and B. Its partial trace should be related to the entanglement between A andB d . The entanglement is monogamous. If the environment is symmetry and big enough. The entanglement between A andB d should be negligible, which means the M d (ρ(t 0 ) − S A:B (t 0 )) should also be negligible at small d.
The general form of ρ can be written as
is three-body entangled state. If there is no entanglement between AB d andB d , the density matrix should be
Suppose the A : B BSS of ρ ′ is S ′ A:B . In general, the BSS of mixture state cannot be obtained directly from the BSS of each pure state. But, as we're going to prove, the separable state σ = (1 − P 2 )S A:B + P 2 S 
On the other hand, the distance should not increase when drop some parts of state, which
Based on these two facts, we conclude that
For the state contains very less entanglement between AB d andB d , it can be written as
where ∆ρ
) and ∆ρ
. Similar to Eq. (7), it must satisfy
. Similar, S 
The BSS S A:B can be regarded as the function of the density matrix ρ. Then, the expansion around ρ ′ should be 
We assume that the function f is smooth around ρ ′ , so that
The general three-body entangled state can be written as
. Its local density matrix is separable state
Therefore, from Eq. (34), we obtain M d ∆ρ 0 1 = 0.
From Eq.
(35), we obtian M d ∆ρ
, which is just the distance from the state of subsystem ρ AB d to its BSS. This distance can be bounded by the squashed entanglement between A andB d [14] .
If bipartite state ρ A:B d is extendible to the overall environment: B = {B 1 , . . . , B k } and ρ A:B1,...,B k is permutation-symmetric in the B systems with ρ A:B d = Tr B2,...,B k (ρ A:B1,...,B k ). Then, the information is expected distributed evenly over the environment. In this case, the distance can be bounded as [14] 
where |A| is the freedom of the system A. 
where C ′ = C * J/2, C ′′ = C * J * 918 ln 2 × |A| log|A|. When the scale of environment is very large, the k in Eq. (40) will be very big, which lead M d (ρ − S A:B ) very small for small d. Therefore, the term in the third line of Eq. (41) should be very small when the scale of environment is large. For big d, the Lieb-Robinson bound limits the impact of information flow. The term in the fourth line of Eq. (41) should also be very small. In conclusion, the inhomogeneous term will be negligible when the environment is big enough, t − t 0 is short enough and ρ A:B d is extendible to the overall environment for any d.
Different from inhomogeneous term, the memory kernel term does not bound by the length scale of environment, but highly depend on H I . Only higher order interaction such as O(H 4 I ) or beyond can introduce non-Markovian effect. However, in some strong coupling limit, the non-Markovian behavior always occurs, independently of the environment dimension [20] . Now, we briefly discuss how to bound the inhomogeneous term in higher-dimensional lattice. The Eq. (19) is still applicable. We need use M gn = Tr gn • to help us simplify the inhomogeneous term, where g n imply all the sites in the graph g n ,.Similar to Eq. (15), with Eqs. (14) and (20), we obtain
where g n+1 is the union graph of g n and L Zn . Similar to Eq. (25), we have
If Z k+1 does not connect g k , it will be eliminated by M g k . If Z k+1 does connect g k but belongs to g k−1 , it is communicable to M g k−1 . In this case, if it does not connect Z k , it will be eliminated by the norm. In conclusion, only the interactions that connect Z k or connect g k but not belongs to g k−1 is nontrivial, i.e.,
}. Unlike the previous one-dimensional case, the number of possible graph increases much faster with k. The requirement that the next bond overlap the boundary of the previous graph will lead s times increase about the number of possible graph, where s is proportional to the boundary area of the graph. The boundary area is smaller than O(k) but bigger than O(k (D−1)/D ). Here we assume N (g k,d ) ≤ C k k 1−γ , where g k,d is all the possible k bonds graphs that satisfy the requirement of connectivity and occupy d sites. In this case, similar to Eq. (28), we obtain
where y ′ (x, L) ≤ e Similar to Eq. (41), the inhomogeneous term can be bounded by
Similar to the previous arguments, the inhomogeneous term will be negligible when the environment is big enough, even in higher dimensions.
IV. CONCLUSION AND OUTLOOK
In this paper, we rebuild the N-Z equation with assignment maps. Compared with projection operator method, irrelevant part provided by the assignment maps is only related to the entanglement. This extends the application of equation and improves the accuracy of expansion. We also applied the new N-Z equation to the quantum lattice model with only the nearest neighbor interaction.
The special structure enables us to further analyze the impact of inhomogeneous terms. The inhomogeneous term can be described as the inflow of information from environment to the system. Speed of propagating information is bounded by a finite velocity. At short time, only limited range of information can reach the system. What's more, the entanglement is monogamy. Hence, if each part of a large environment contains the same amount of information, the information flow back to the system at a finite time will be negligible. The upper bound of inhomogeneous terms provide in this article is not very tight. It may be improved by the further development of expansion theory of operators [21] . And this upper bound is increasing with time. If one can provide an upper bound that decrease with time, then the Markov order [22] can be defined directly from the N-Z equation.
